Abstract. This paper is a sequel to [3] in Math. Ann. In that paper we studied the subharmonicity of Kähler-Einstein metrics on strongly pseudoconvex domains of dimension greater than or equal to 3. In this paper, we study the variations Kähler-Einstein metrics on bounded strongly pseudoconvex domains of dimension 2. In addition, we discuss the previous result with general bounded pseudoconvex domain and local triviality of a family of bounded strongly pseudoconvex domains.
Introduction
Let (z, s) ∈ C n × C be the standard coordinates and π : C n × C → C be the projection on the second factor. Let D be a smooth domain in C n+1 such that for each s ∈ π(D), the slice D s = D ∩ π −1 (s) = {z : (z, s) ∈ D} is a bounded strongly pseudoconvex domian with smooth boundary.
In [2] , Cheng and Yau constructed a unique complete Kähler-Einstein metric on a strongly pseudoconvex domain with smooth boundary. This implies that there exists a unique complete Käbler-Einstein metric h αβ (z, s) := h s αβ (z) on each slice D s which satisfies the following: −(n + 1)h αβ (z, s) = Ric αβ (z, s) (the Ricci tensor) = − ∂ 2 ∂z α zβ log det h γδ (z, s) 1≤γ,δ≤n .
Namely, the Ricci curvature is a negative constant −(n + 1), (this constant could be any negative number; −(n + 1) is chosen for convenience). On each slice D s , h(z, s) := 1 n + 1 log det h γδ (z, s) 1≤γ,δ≤n is a potential function of the Kähler-Einstein metric h αβ (·, s). We can consider h as a smooth function on D. It is an immediate consequence of the Kähler-Einstein conditions that the restriction of h to each slice D s is strictly plurisubharmonic. But it is not obvious that it is also plurisubharmonic or strictly plurisubharmonic in the base direction (the s-direction). In [3] , we have shown that if the slice dimension n is greater than or equal to 3, then h is plurisubharmonic. Moreover, we have also proved that h is strictly plurisubharmonic if D is strongly pseudoconvex.
In this paper, we shall deal with a family of bounded smooth strongly pseudoconvex domain of dimension greater than or equal to 2. Note that Maitani and Yamaguchi already proved the 1-dimensional slice case [10] .
Theorem 1.1. With the above notations, if D is a strongly pseudoconvex domain in C
n+1 , then h(z, s) is a strictly plurisubharmonic function.
In case of a general bounded pseudoconvex domain, Cheng and Yau also constructed a unique Kähler-Einstein metric which is almost complete, which is a limit of Kähler-Einstein metrics on relatively compact subdomains. In [8] , Mok and Yau proved that this metric is, in fact, complete. Hence we can consider the situation that D is a pseudoconvex domain such that each slice D s is a bounded pseudoconvex domain. By simple approximation process, we have the following corollary.
Corollary 1.2. Under the above hypothesis, h is a plurisubharmonic function.
In [12] , Tsuji showed a dynamical construction of a Kähler-Eistein metric on a bounded strongly pseudoconvex domain with smooth boundary. More precisely, he have shown that the Kähler-Einstein metric is the iterating limit of the Bergman metric. Using the Berndtsson's result ( [1] ), he proved the same result with Corollary 1.2.
The above setting is also considered as a family of bounded strongly pseudoconvex domains. Moreover, the geodesic curvature is strongly related with the Kodaira-Spencer map. So it is natural to ask what happens if the geodesic curvature vanishes. The following theorem answers this question. The proof of Theorem 1.3 depends the vanishing order of the solution of complex Monge-Ampère equation. This is why our method is not applicable to the case that the slice dimension n = 2.
We will all the time consider only the case of a one dimensional base, but the computations generalize easily to the case of a higher dimensional base. Throughout this paper we use small Greek letters, α, β, · · · = 1, . . . , n for indices on z ∈ C n unless otherwise specified. For a properly differentiable function f on C n × C m , we denote by
where zβ meanz β . If there is no confusion, we always use the Einstein convention. For a complex manifold X, we denote by T ′ X the complex tangent vector bundle of X of type (1, 0).
Prelimiaries
In this section, we recaptulate the result in [3] . Throughout this section, D is a smooth domain in C n+1 such that every slice
is a bounded strongly pseudoconvex domain with smooth boundary. Since our computation is always local in s-variable, we may assume that π(D) = U the standard unit disc in C. 
The geodesic curvature c(τ ) of τ is defined by the norm of v τ with respect to the sesquilinear form ·, · τ induced by τ , namely,
Note that under the holomorphic coordinate (z, s), τ is written by
Then the horizontal lift v τ and the geodesic curvature c(τ ) can be written by the following:
Then it is well known that
It is remarkable to note that since τ is positive definite when restricted to
2.2. The geodesic curvatures of the real (1, 1)-forms induced by defining functions. Since every slice D s is a bounded smooth strongly pseudoconvex domain, we can take a defining function of D which satisfies the following conditions:
We denote by g = − log(−ϕ). Then it follows that
By some computation, we have g αβ g α gβ ≤ 1. It follows that g αβ gives a complete Kähler-Einstein metric on each D s ( [2] ). Now we define the real (1, 1) -form G by G = √ −1∂∂g. A direct computation gives the following:
This equation shows that following proposition. Let Ω be a bounded strongly pseudoconvex domain with smooth boundary. Given a smooth function ζ on Ω, we define J(ζ) by
Note that if ζ > 0 in Ω and g = − log ζ, then it is easy to show that
Consider the following problem:
In [6] , Fefferman developed a formal technique to find approximate solutions of (2.4):
Let ρ be a defining function of Ω such that dρ = 0 on ∂Ω. We define recursively (2.5)
Then ρ l satisfies the following properties:
(1) Every −ρ l is also a defining function of Ω. In particular, we may assume that every ρ l is considered as a smooth function defined on
. . , n + 1, i.e., ρ l is an approximate solution for l = 1, . . . , n + 1. By (2.5), we can write −ρ l = ηρ for some η ∈ C ∞ (Ω). Let w = − log(−ηρ) and J(−ηρ) = e −F . Then we have det w αβ = e Kw e −F , and (2.6)
Since η is positive near ∂Ω, we know that w is strictly plurisubharmonic when sufficiently close to the boundary and diverges on ∂Ω. By modifying w away from ∂Ω, we may assume that w is strictly plurisubharmonic on Ω. We denote it by w and again write det w αβ = e Kw e −F . Thus F is now a smooth function on Ω and still satisfies that condition (2.6). Again η is understood to be a smooth function onΩ such that w = − log(−ηρ). Cheng and Yau's theorem implies that we can solve the following equation:
It is obvious that w αβ + u αβ dz α dzβ is the unique complete Kähler-Einstein metric in Ω. Cheng and Yau also described the boundary behavior of the solution u of (2.7): Theorem 2.3 (Simple Version [2] ). Suppose that Ω is a smooth strongly pseudoconvex domain in C n and ρ is a smooth defining function of Ω. Suppose that
where a < min(2n+1, 2k) and |D p u| (x) is the Euclidean length of the p-th derivative of u. Now suppose u be a solution to (2.7) with ρ = ρ n+1 and
Then Theorem 2.3 says that
for b > 0. In particular, we have
for b > 0. The above discussion also implies that
for b > 0 and 1 ≤ α, β ≤ n.
Subharmonicity of Kähler-Einstein metrics on strongly pseudoconvex domains
In this section, we shall discuss about Theorem 1.1. More precisely, we will prove the following: Remark 3.2. The above theorem have been already proved if the slice dimension is greater than or equal to 3 in [3] . In fact, a little more is proved in [3] . This will be discussed in Section 6.
3.1. The geodesic curvature from the approximate Kähler-Einstein metrics. Let D be a smooth domain in C n+1 such that every slice D s is strongly pseudoconvex domain. Suppose that every boundary point of D s is a strongly pseudoconvex boundary point of the total space D. Then every slice D s ′ which is sufficiently close to D s has such property. Since our computation is always local in s-variable, we may assume that π(D) = U and there exists a defining function ϕ which satisfies the conditions. By the previous argument in Subsection 2.3, we know that there exist approximate solutions ψ(·, s) such that ψ(·, s) = −η(·, s)ϕ(·, s) which satisfies that
for every s ∈ U . Note that (2.5) implies that η is a positive smooth function onD. Hence η(·, s)ϕ(·, s) is another defining function of D s for each s ∈ U . Since every slice D s is strongly pseudoconvex, w = − log(−ηϕ) is strictly plurisubharmonic in each slice D s when sufficiently close to the boundary. It is easy to see that w can be modified away from ∂D to a smooth function on D, which is strictly plurisubharmonic when restricted on each slice D s for s ∈ U (by shrinking U , if necessary); we again denote it by w (cf, see [4] ). Now let e F = J(−ηϕ). Then F is a smooth function onD and satisfies that det w αβ (z, s) = e (n+1)w(z,s) e F (z,s) , and (3.1) implies that
for each s, where ξ is a smooth function onD. Again η is understood to be a smooth functionD such that w = − log(−ηϕ). So w αβ = g αβ − (log η) αβ . Hence we can solve a family of complex Monge-Ampère equations, namely,
We denote by u(·, s) the solution of (3.2) for each s ∈ U . By Theorem 2.3 and (3.8), for each slice D s , we have the following boundary behavior of the solution u:
for b > 0. Now we define a real (1, 1)-form W by W = √ −1∂∂w. We can write W as follows:
To observe the horizontal lift v W and geodesic curvature c(W ), we need to compute the inverse of w αβ .
Lemma 3.3 ([3]
). There exists a hermitian n × n matrix
which satisfies that
In particular, wβ α ∈ C ∞ (D) and wβ α = O(|ϕ|).
With the help of the above lemma, we can show that v W has the same properties with v G . Proof. Note that v W is written by
Since w = − log(−ηϕ) = g − log η and η is smooth up to the boundary, v W is smoothly extended up to the boundary. Moreover,
this completes the proof.
Recall that the geodesic curvature of c(W ) is given by
By the definition of Levi form, the geodesic curvature c(W ) is computed as follows:
Remark 3.5. We can observe the following: 
If we define a real (1, 1)-form H by H = √ −1∂∂h, then H is a real (1, 1)-form on D such that the restriction on each slice D s is positive-definte by the Kähler-Einstein condition. We denote by ∆ = ∆ h αβ the Laplace-Beltrami operator with respect to the Kähler-Einstein metric h αβ on D s . Schumacher proved that the geodesic curvature c(H) of H satisfies a certain elliptic partial differential equation on each slice. (For the proof, see [14] or [3] .) Theorem 3.6 (G. Schumacher [14] ). The following elliptic equation holds slicewise:
Now we think the geodesic curvatures c(W ) and c(H) as functions on D s . By the hypothesis, every boundary D s is a strongly pseudoconvex boundary point of D. It follows that c(W ) → ∞ as x → ∂D s by Remark 3.5. The following proposition is describe the boundary behavior of c(H) in terms of c(W ).
Proposition 3.7. The geodesic curvatures c(W ) and c(H) go to infinity near the boundary of the same order. More precisely, we have
In the next subsection, we shall prove Proposition 3.7. In a moment, assuming that, we want to complete the proof. It follows that
Taking k → ∞, we have c(H) ≥ 0. We also know that c(H) → ∞ as x → ∂D s by (3.4). But this prevents the function c(H) from being zero. In fact, according to a theorem of Kazdan and De Turck ( [5] ), Kähler-Einstein metrics are real analytic on holomorphic coordinates, and by the Implicit Function Theorem, depend in a real-analytic way upon holomorphic parameters. This also applies to the function c(H). Proof. It follows from the assumption that ψ has a local minimum at the origin, and (3) implies that ∆ ωU ψ(0) = 0 and f (0) = 0. We set ∆ = ∆ ωU and choose normal coordinates z α of the second kind for ω U at 0. Let ∆ 0 = n α=1 ∂ 2 ∂z α ∂zᾱ be the standard Laplacian so that
where the power series expansion of all tβ α have no terms of order zero or one. Then the maximum principle of E. Hopf implies that ψ ≡ 0. (cf. See Theorem 6, Chap. 2, Sect. 3 in [11] .)
The real analyticity of c(H) and Proposition 3.8 say that c(H) is either identically zero, or never zero. However we know that ψ(x) → ∞ as x → ∂D s . This completes the proof.
The boundary behavior of c(H).
In this subsection, we prove Proposition 3.7.
Recall that c(W ) is given by the following:
Since x 0 is a strongly pseudoconvex boundary point of D and v W is tangent to ∂D, we have
for some constant C > 0 when x goes to x 0 , in particular c(W ) blows up of 1st order. Now we consider c(H): Hence it is enough to show that
From [3] , u s satisfies the following elliptic partial differential equation on each slice: for b > 0. We need the following lemma.
Proof. In case of r = 1, it is proved in [3] . Thus we may assume that 0 < r < 1. Since ϕ is a strictly plurisubharmonic function, there exists a constant
Now we compute
Note that −cr(r−1)(−ϕ) r−2 A αβ (−ϕ) α (−ϕ)β and −cr(−ϕ) r−1 A αβ (−ϕ) αβ are positive. So we have
By the assumption,
Since (h αβ ) is uniformly equivalent to (g αβ ), the generalized maximum principle implies that u s − c 2 (−ϕ) ≤ 0 in Ω. This shows that u ≤ c 2 (−ϕ). The same argument yields that u s − c 3 (−ϕ) r ≤ 0 in Ω for some c 3 > 0. Hence we have u s = O(|ϕ| r ). The same argument yields that u s ≥ −C 3 (|ϕ| r ) for some constant C 3 > 0. Therefore u s = O(|ϕ| r ) as desired.
Let (V, (v 1 , . . . , v n )) be a coordinate system in Ω satisfying the conditions in Definition 1 in [3] (,which is constructed in Section 1 in [2] ). For a smooth function u, we write
where k is non-negative integer and ε ∈ (0, 1). Applying the Schauder estimates to the coordinate system (V, (v 1 , . . . , v n )), we obtain that
0+ε,V . (For detailed notation, see [7] .)
Recall that (3.6) says that
for b > 0. This together with Proposition 3.9 implies that
By the construction of coordinate system (V, (v 1 , . . . , v n )) on a bounded smooth strongly pseudoconvex domain (see Section 1 in [2]), we know that
for some uniform constant C > 0. Hence we have
This yields the conclusion of Proposition 3.7.
Proof of Corollary 1.2
In this section, we discuss about the variations of Kähler-Einstein metrics on a bounded pseudoconvex domain. First we discuss about the construction of the Kähler-Einstein metric on a bounded pseudoconvex domain. And we prove Corollary 1.2 in the next subsection.
4.1. Kähler-Einstein metric on a bounded pseudoconvex domain. Let Ω be a bounded pseudoconvex domain. Then there exists a smooth strictly plurisubharmonic exhaustion function ψ. For N ∈ N, we denote by
By Sard theorem, we may assume that Ω N is a bounded strongly pseudoconvex domain with smooth bounded. It is also obvious that {Ω N } is a increasing union to D. Then the theorem of Cheng and Yau implies that there exists a unique complete Kähler-Einstein metric h ) is a decreasing sequence, more precisely,
From the Kähler-Einstein condition log det(h 
for every N ∈ N. Then we know that h N is a smooth strictly plurisubharmonic function on D N by Section 3 (cf, see [3] ). On each slice D s , h N (·, s) forms a decreasing sequence which converges to h(·, s). It follows that the sequence h on D N is a decreasing sequence which converges to h on D. This implies that h is limit of a decreasing sequence of plurisubharmonic functions, in particular h is plurisubharmonic.
Local trivility
In this section, we discuss about the local triviality of a family of smooth bounded strongly pseudoconvex domains.
Let D be a smooth domain in C n+1 such that every slice D s is a bounded strongly pseudoconvex domain with smooth boundary. Since the computation is local, we may assume that π(D) = U the standard unit disc in C. Suppose that the geodesic curvature c(H) of H vanishes in D. Then (3.3) implies that |v H | vanishes, i.e., v H is a holomorphic vector field on D. Thus we have a holomorphic vector field v H on D such that dπ(v H ) = ∂/∂s.
Lemma 5.1 ([3]).
For each s ∈ U , there exists a hermitian n × n matrix
In particular, for b > 0, and w sβ wβ α is smooth up to the boundary. Since n ≥ 2, all together implies the first assertion.
To show the second assertion, we compute v H (ϕ). We already know that
Obviously v W = O(|ϕ|) by the proof of Proposition 5.2. Lemma 5.1 implies that the second and third terms are also O(|ϕ|). By (3.8) implies that the last term satisfies that
is a special coordinate constructed by Cheng and Yau. On this coordinate, the metric tensor h αβ with respect to (v 1 , . . . , v n ) is uniformly equivalent to the Euclidean metric, i.e., there exists a uniform constant c > 0 such that 1 c δ αβ < h αβ < cδ αβ .
2. The construction of (V, (v 1 , . . . , v n )) is algebraic (just using linear fractional transforms), in particular, if the strongly pseudoconvex domain varies smoothly, then the coordinates also varies smoothly. Hence we can choose the uniform constants R, c, A l in Definition 1.1in [2] , which does not depend on s.
Therefore we have the conclusion by Proposition 5.3.
A remark on 2-dimensional slice case
In this section we discuss about the difference between 2-dimensional case and higher dimensional case.
Together with the computation of [3] , we have already seen the following: If the slice dimension is equal to or greater than 3, then (i) implies that c(H) is bounded in a fixed slice D s . Then almost maximum principle implies that c(H) is nonnegative, i.e., the function h is plurisubharmonic. Hence we have that if the boundary of D s has a strongly pseudoconvex boundary point in D, then c(H) is strict positive, namely, h is strictly plurisubharmonic.
On the other hand, if the slice dimension is equal to 2, then we do not have the boundedness of c(H). We only know that c(H) goes to the infinity if the point goes to the strongly pseudoconvex boundary point of D. Hence we can not draw the conclusion that c(H) is nonnegative provided that D s has a strongly pseudoconvex boundary point of D. However, if every boundary point of D s is a strongly pseudoconvex boundary point of D, then c(H) is bounded from below. Again the almost maximum principle implies that c(H) is nonnegative. Then we have that c(H) is strict positive by Proposition 3.8, i.e., h is strictly plurisubharmonic. Therefore, it is quite natural to ask the following question: Question 6.1. Let D be a pseudoconvex domain in C n+1 with smooth boundary. Suppose that there exists a boundary point p of D s such that p is a strongly pseudoconvex boundary point of D. Is h is strictly plurisubharmonic near D s ?
